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A GENERALIZED TETRAHEDRAL PROPERTY
JESU´S NU´N˜EZ-ZIMBRO´N∗ AND RAQUEL PERALES ∗∗
Abstract. We present examples of metric spaces that are not Rie-
mannian manifolds nor dimensionally homogeneous that satisfy the Tetra-
hedral Property. In spite of that, Euclidean cones over metric spaces
with small diameter do not satisfy this property. We extend Sormani’s
Tetrahedral Property to a less restrictive property and prove that this
generalized definition retains all the results of the original Tetrahedral
Property proven by Portegies-Sormani: it provides a lower bound on the
sliced filling volume and a lower bound on the volumes of balls. Thus, se-
quences with uniform bounds on this Generalized Tetrahedral Property
also have subsequences which converge in both the Gromov-Hausdorff
and Sormani-Wenger Intrinsic Flat sense to the same non-collapsed and
countably rectifiable limit space.
1. Introduction
We start by recalling the tetrahedral property which was previously defined
in [6] and [7]. Let (X,d) be a metric space. Here, Br(p) denotes the open
metric ball of radius r centered at p and X¯ the metric completion of X. Let
S(p; r) = {x ∈ X ∣d(x, p) = r} and S(x1, . . . , xj ; t1, . . . , tj) = ⋂ji=1 S(xi; ti). If
A is a set we denote its cardinality by ∣A∣.
Definition 1.1. [Sormani] Let C > 0 and β ∈ (0,1). A metric space (X,d)
has the n-dimensional (C,β)-tetrahedral property at a point p for radius
r if there exist points p1, . . . , pn−1 ∈ X¯, such that d(p, pi) = r and for all(t1, . . . , tn−1) ∈ [(1 − β)r, (1 + β)r]n−1
(1.1) h(p, r, t1, . . . , tn−1) ≥ Cr,
where
(1.2) h(p, r, t1, . . . , tn−1) = { inf{d(x, y) ∣ x ≠ y, x, y ∈ S} ∣S∣ ≥ 20 otherwise
and
(1.3) S = S(p, p1, . . . , pn−1; r, t1, . . . , tn−1).
In general, C,β and r depend on p ∈ X. Whenever this might cause
confusion we will make explicit mention of the dependence.
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We say that X satisfies the tetrahedral property for radius r if it satisfies
the (C,β)-tetrahedral property at every point for radius r for some C > 0
and β ∈ (0,1).
The only examples in the literature of metric spaces that satisfy the tetra-
hedral property are Example 2.1, Example 2.2 and Example 2.3 in [7]. They
are: the three dimensional Euclidean space, tori of the form S1 × S1 × S1ε
where the radius for which the property is satisfied goes to zero as ε goes to
zero, and two copies of Euclidean space with a large collection of tiny necks
between corresponding points. (The first two also appear in [6] as Example
3.31 and Example 3.32).
We present Example 2.4 and Example 2.5 that show that the metric spaces
satisfying the tetrahedral property do not need to be Riemannian manifolds.
In fact, such spaces do not need to be dimensionally homogeneous. In Defi-
nition 1.1, ti only take values on the interval [(1 − β)r, (1 + β)r]. Note that
r ∈ [(1 − β)r, (1 + β)r] for any β ∈ (0,1). This requirement implies that
Euclidian cones over metric spaces (X,d) with small diameter, diam(X),
do not satisfy the (C,β)-tetrahedral property. See Example 3.2. Since
Gromov-Hausdorff convergent sequences of manifolds with a uniform sec-
tional curvature lower bound can develop conical singularities, this suggests
that these sequences do not satisfy uniform tetrahedral property bounds.
By allowing ti to take values on intervals that do not necessarily contain r,
manifolds with conical singularities and cones over Alexandrov spaces which
failed to satisfy the tetrahedral property at their tips for radius r might
satisfy the (C,α,β)-tetrahedral property. We present the aforementioned
modification.
Definition 1.2 ((C,α,β)-tetrahedral property). Let C > 0 and α,β ∈ (0,2),
α < β. A metric space (X,d) satisfies the n-dimensional (C,α,β)-tetrahedral
property at a point p for radius r if there exist points p1, . . . , pn−1 ∈ X¯ such
that d(p, pi) = r and for all (t1, . . . , tn−1) ∈ [αr, βr]n−1 the following holds
h(p, r, t1, . . . , tn−1) ≥ Cr,
where h is given as in Definition 1.1.
For any β, the (C,β)-tetrahedral property implies the (C,1 − β,1 + β)-
tetrahedral property. The (C,α,β)-tetrahedral property implies a (C,β′)
property only if α < 1 < β. We prove that this new definition retains
all the powerful properties of the original tetrahedral property that were
proven by Portegies-Sormani in [6], including a lower bound for the sliced
filling volume. Thus sequences of manifolds with uniform lower bounds on
our revised tetrahedral property have subsequences which converge in the
Gromov-Hausdorff and Intrinsic Flat sense to noncollapsed rectifiable limit
spaces (See Theorem 3.39, Theorem 3.41 and Theorem 5.2 in [6], cf. Theo-
rem 2.3 and Theorem 2.7).
For ease of notation we present in this section results for manifolds. Inside
we prove versions for integral current spaces. For example, the next theorem
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follows from Theorem 4.8 where we estimate the mass and the (n − 1)-th
sliced filling obtaining,
M(S(p, r)) ≥ SFn−1(p, r) ≥ C(β − α)n−1rn.
Theorem A. Let M be a compact oriented Riemannian manifold possibly
with boundary. Suppose that p ∈M and BR(p)∩∂M = ∅. If for almost every
r ∈ (0,R), the n-dimensional (C,α,β)-tetrahedral property at p for radius r
holds then
(1.4) Vol(Br(p)) ≥ C(β − α)n−1rn.
Now we state a Gromov-Hausdorff convergence result.
Theorem B. Let r0 > 0, 0 < α < β < 2, C > 0, V0 > 0 and Mi a sequence of
n-dimensional compact oriented and connected Riemannian manifolds (with
no boundary) that satisfy
Vol(Mi) ≤ V0.
If all Mi satisfy the n-dimensional (C,α,β)-tetrahedral property for all radii
r ≤ r0. Then a subsequence of the Mi converges in Gromov-Hausdorff sense
to a noncollapsed metric space.
In particular, there exists D0(C,α,β, r0, V0) > 0 such that diam(Mi) ≤D0.
Before stating Theorem C we recall that the Intrinsic Flat distance be-
tween two n-dimensional integral current spaces (Xi, di, Ti) is an analogue
of the Gromov-Hausdorff distance between metric spaces. That is, it is the
infimum of the flat distances of isometric orientation-preserving images of(Xi, di, Ti) [9]. Here, an n-dimensional integral current space (X,d,T ) con-
sists of anHn countably rectifiable metric space (X,d) and an n-dimensional
integral current structure T on X¯ as defined by Ambrosio-Kirchheim in [1],
where Hn denotes the n-dimensional Hausdorff measure. These integral
currents are the generalization to metric spaces of the currents studied by
Federer and, Federer and Fleming, [3] [4].
Neither the Gromov-Hausdorff, nor the Intrinsic Flat convergence imply
the other one, but when a sequence converges with both distances, then
the intrinsic flat limit is either the zero integral current space or it is con-
tained in the Gromov-Hausdorff limit space [9]. We note that the class
of n-dimensional precompact integral current spaces with a uniform lower
bound on their mass and the mass of their boundaries and, an upper bound
on the diameter is compact under the intrinsic flat distance [11].
Theorem C. Let r0 > 0, 0 < α < β < 2, C,V0 > 0 and Mi be a sequence of
n-dimensional compact oriented Riemannian manifolds that satisfy
Vol(Mi) ≤ V0
and the n-dimensional (C,α,β)-tetrahedral property for all radii r ≤ r0.
Then Mi has a Gromov-Hausdorff and Intrinsic Flat convergent subsequence
whose limits agree. In particular, the limit is Hn rectifiable.
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The paper is organized as follows. In Section 2 we briefly state results
concerning the tetrahedral property, integral current spaces and intrinsic
flat distance. For a thorough treatment we suggest [1], [6] and [7]. Since
Gromov-Hausdorff convergence is well known we just refer the reader to [2].
In Section 3 we analyze the tetrahedral property at the vertices o of
Euclidean cones over metric spaces, K(X). First we see that if diam(X) ≤
pi/3 then the (C,β)-tetrahedral property cannot be satisfied at o. Then
we show that the slices of cones satisfying the n-dimensional tetrahedral
property also satisfy the n-dimensional tetrahedral property. We finish the
section proving that the cone over the 2-dimensional projective space satisfies
the 3-dimensional (C,β)-tetrahedral property.
In Section 4 we define the (C,α,β)-tetrahedral property, Definition 4.1.
The (C,β)-tetrahedral property implies the (C,1−β,1+β)-tetrahedral prop-
erty, Remark 4.2. The converse does not hold unless α < 1 < β as can be seen
in Example 4.3, Example 4.4 and Example 4.5. In this section we also prove
a volume estimate and convergence results for integral current spaces sat-
isfying the (C,α,β)-tetrahedral property; Theorem 4.9, Theorem 4.10 and
Theorem 4.11. These are the analogues of Theorem 3.38, Theorem 3.42 and
Theorem 5.2 proven by Portegies-Sormani for the (C,β)-tetrahedral prop-
erty [6]. From them we deduce Theorem A, Theorem B and Theorem C.
The authors are indebted to C. Sormani and J. Portegies for very useful
conversations and comments. This material is based in part upon work sup-
ported by the National Science Foundation under Grant No. DMS-1440140
while the second named author was in residence at the Mathematical Sci-
ences Research Institute in Berkeley, California, during the Spring 2016
semester. The second named author also received partial support funded
by C. Sormani’s NSF Grant DMS - 1309360. The first named author was
supported by a UCMEXUS-CONACYT postdoctoral grant “Alexandrov ge-
ometry”.
2. Background
In this section we briefly recall the results that we will use in subsequent
sections. In Subsection 2.1 we go over results concerning the tetrahedral
property for Riemannian manifolds proven by Portegies-Sormani [6] and
Sormani [7]. In Subsection 2.2 we give a brief introduction to integral current
spaces and intrinsic flat distance following [1], [6] and [9].
2.1. Tetrahedral Property. Here we state the integral tetrahedral prop-
erty.
Definition 2.1 (Sormani). Given C > 0 and β ∈ (0,1), a metric space(X,d) is said to have the n-dimensional (C,β)-integral tetrahedral property
at a point p ∈ X for radius r if there exist points p1, . . . , pn−1 ∈ X¯, with
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S(p1, t1)
Figure 1. x1, y1 ∈ S(p1; t1), t1 < √2r2 + 2r∣x∣.
d(p, pi) = r, such that
(2.1) ∫ (1+β)r(1−β)r ⋯∫ (1+β)r(1−β)r h(p, r, t1, . . . , tn−1)dt1⋯dtn−1 ≥ C(2β)n−1rn.
The tetrahedral property implies the integral tetrahedral property.
Proposition 2.2 (Portegies–Sormani). Let (X,d) be a metric space that
satisfies the n-dimensional (C,β)-tetrahedral property at p for radius r, then
it satisfies the n-dimensional (C,β)-integral tetrahedral property at p for
radius r.
2.1.1. Volumes of Balls. WhenX is a Riemannian manifold that satisfies the(C,β)-tetrahedral property at p for radius r the following volume estimate
for balls holds.
Theorem 2.3 (Portegies-Sormani). Let M be a closed oriented Riemann-
ian manifold. If M satisfies the n-dimensional (C,β)-integral tetrahedral
property at a point p for radius r, then
(2.2) Vol(Br(p)) ≥ C(2β)n−1rn.
In the next two examples we see that the metric spaces satisfying the
tetrahedral property do not need to be Riemannian manifolds. In fact, such
spaces do not need to be dimensionally homogeneous.
Example 2.4. Let (R3, ∣∣⋅∣∣) be the Euclidian metric space with the standard
distance. Let X ⊂ R3 be the union of the xy-plane and the non negative part
of the yz-plane with the induced intrinsic distance, d. Then (X,d) satisfies
the 2-dimensional (C(β), β = √2 − 1)-tetrahedral property for radius r > 0.
To prove the claim it is enough to consider points on the xy-plane. Let
p = (x, y,0). If x ≠ 0, take p1 to be the point on the line that passes
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trough (0, y,0) and p that satisfies ∣∣p − p1∣∣ = r ≤ ∣∣p1∣∣. Explicitly, p1 =(x + rx/∣x∣, y,0). If x = 0, take p1 = (r, y,0).
For r ≤ dist(p, y − axis) = ∣x∣ ≠ 0, S(p; r) equals the circle of radius r
around p in the xy-plane. When t1 ∈ (0,2r), S(p1; t1) equals the circle
of radius t1 around p1 in the xy-plane and intersects S(p; r) in exactly two
points. Hence, (X,d) satisfies the 2-dimensional (C,β)-tetrahedral property
at p for radius r ≤ ∣x∣ for any 0 < β < 1.
If r > dist(p, y−axis) = ∣x∣ then S(p; r) equals the circle of radius r around
p in the xy-plane union a piece of a circle in the yz-plane. See Figure 1.
Hence, in the xy-plane S(p1; t1) intersects S(p; r) in exactly two points
for any t1 ∈ (0,2r). In the yz-plane, S(p1; t1) does not intersect S(p; r) for
t1 < √2r2 + 2r∣x∣ but for t1 ∈ [√2r2 + 2r∣x∣,2r), they intersect in exactly two
points. Thus, if t1 = √2r2 + 2r∣x∣ then S(p, p1; r, t1) consists of two points
and of four points if t1 ∈ (√2r2 + 2r∣x∣,2r). In the latter case,
lim
t+1→√2r2+2r∣x∣min{d(x, y)∣x ≠ y, x, y ∈ S(p, p1; r, t1)} = 0.
Thus, for p such that r > dist(p, y − axis) = ∣x∣ we have to choose 0 < t1 <√
2r2 + 2r∣x∣. That implies, 0 < β < √2r2 + 2r∣x∣/r − 1. Note that √2 −
1 ≤ √2r2 + 2r∣x∣/r − 1. Hence, (X,d) satisfies the 2-dimensional (C,β)-
tetrahedral property at p for radius r > 0 for 0 < β < √2 − 1.
Example 2.5. Let (R3, ∣∣⋅∣∣) be the Euclidian metric space with the standard
distance. Let X ⊂ R3 be the union of the xy-plane and the non-negative
part of the z-axis with the induced intrinsic metric, d. Then (X,d) satisfies
the 2-dimensional (C,β)-tetrahedral property at p in the xy-plane for all
r > 0 and at p in the positive part of the z-axis only for r > 2∣∣p∣∣.
Let p be contained in the xy-plane and r > 0. If p ≠ 0, take p1 to be the
point in the line that passes trough 0 and p, and that satisfies ∣∣p − p1∣∣ =
r ≤ ∣∣p1∣∣. Explicitly, p1 = p + r/∣∣p∣∣p. If p = 0, take any point p1 in the
xy-plane that satisfies r = ∣∣p − p1∣∣. If ∣∣p∣∣ ≤ r then S(p; r) equals the circle
of radius r around p in the xy-plane union the point z = (0,0, r − ∣∣p∣∣)
in the non-negative part of the z-axis. Hence, in the xy-plane S(p1; t1)
intersects S(p; r) in exactly two points when t1 ∈ (0,2r). Now, z ∉ S(p1; t1)
for t1 ∈ (0,2r) since d(z, p1) = ∣∣z∣∣ + ∣∣p1∣∣ = r − ∣∣p∣∣ + ∣∣p∣∣ + r = 2r. If ∣∣p∣∣ > r
then S(p; r) equals the circle of radius r around p in the xy-plane and does
not intersect the z-axis. Hence, S(p1; t1) intersects S(p; r) in exactly two
points when t1 ∈ (0,2r). Thus, the (C,β) tetrahedral property is satisfied
at p for r > 0 for any β ∈ (0,1) (see Figure 2).
If p is on the positive part of the z-axis and r ≤ ∣∣p∣∣ then S(p; r) con-
tains only two points. Then for p1 ∈ S(p; r) we get that the cardinality
of S(p, p1; r, t) is less than or equal to 1. Hence, (X,d) cannot satisfy the
2-dimensional tetrahedral property at those points with that r. Suppose
that r > ∣∣p∣∣ and pick p1 in the xy-plane such that ∣∣p1∣∣ = r − ∣∣p∣∣. Then,
S(p; r) equals the circle of radius r − ∣∣p∣∣ around 0 in the xy-plane union
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Figure 2. S(p, r) when r > dist(p, z − axis).
the point z = p + r(0,0,1) on the z-axis. Hence, in the xy-plane S(p1; t1)
intersects S(p; r) in exactly two points only when t1 ∈ (0,2(r − ∣∣p∣∣)). For
t1 ∈ (0,2(r−∣∣p∣∣)), z ∉ S(p1; t1) since d(z, p1) = ∣∣z∣∣+∣∣p1∣∣ = 2r > 2(r−∣∣p∣∣). By
definition, t1 has to be contained in an interval of the form [(1−β)r, (1+β)r].
This means that, (1 + β)r < 2(r − ∣∣p∣∣). Solving for β, β < 1 − 2∣∣p∣∣/r. More-
over, β must lie on the interval (0,1). Thus, r > 2∣∣p∣∣. Hence, the (C,β)-
tetrahedral property is satisfied at p in the positive part of the z-axis only
for r > 2∣∣p∣∣ with β ∈ (0,1 − 2∣∣p∣∣/r).
Remark 2.6. Portegies-Sormani proved Theorem 2.3 for integral current
spaces as well. There, the volume is replaced by a measure coming from
the current structure. Since the theory behind these spaces requires several
definitions we omit the general statement but prove a similar result in Section
4, Theorem 4.9.
2.1.2. Convergence Theorems. Combining Theorem 2.3 with Gromov-Hausdorff
compactness theorem gives the following.
Theorem 2.7 (Sormani). Let r0 > 0, β ∈ (0,1), C > 0, V > 0 and {Mi}∞i=1
be a sequence of n-dimensional compact Riemannian manifolds such that for
all i
(1) Vol(Mi) ≤ V
(2) Mi satisfies the n-dimensional (C,β)-(integral) tetrahedral property
for all r ≤ r0.
Then a subsequence converges in Gromov-Hausdorff sense.
Note that the metric space given in Example 2.5 does not satisfy condition(2) of Theorem 2.7. There, the tetrahedral property is not satisfied at p on
the positive part of the z-axis for any r ≤ ∣∣p∣∣.
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Using the intrinsic flat distance which we briefly define at the end of Sub-
section 2.2, Sormani’s Gromov-Hausdorff compactness theorem, Theorem
2.7, can be improved in the following way.
Theorem 2.8 (Portegies–Sormani). Let r0 > 0, 0 < β < 1, C,V0 > 0 and{Mi} be a sequence of n-dimensional compact oriented Riemannian mani-
folds such that for all i,
(1) Vol(Mi) ≤ V
(2) Mi satisfies the n-dimensional (C,β)-(integral) tetrahedral property
for all r ≤ r0.
Then {Mi} has a subsequence that converges in Gromov-Hausdorff and in-
trinsic flat sense such that the limits spaces agree. Hence, the limit space isHn countably rectifiable.
2.2. Integral Current Spaces and Intrinsic Flat Distance. In this
subsection we give a brief introduction to integral current spaces and the
intrinsic flat distance defined by Sormani-Wenger [9]. We recall that the
definition of an integral current space is based upon work on currents in
metric spaces by Ambrosio-Kirchheim [1].
An n-dimensional integral current space (X,d,T ) consists of a metric
space (X,d) and an n-dimensional integral current defined on the completion
of X, T ∈ In(X¯), such that set(T) = X. We denote by Mn the space of all
n-dimensional integral currents. Recall that T endows X¯ with a finite Borel
measure, ∣∣T ∣∣, called the mass measure of T and that set(T) is defined as
(2.3) set(T) = {x ∈ X¯ ∣ lim inf
r↓0 ∥T∥(Br(x))ωnrn > 0}.
The mass of T is defined as M(T ) = ∣∣T ∣∣(X). Ambrosio-Kirchheim proved
that set(T) is Hn-rectifiable. That is, there exist Borel sets Ai ⊂ Rn and
Lipschitz functions ϕi ∶ Ai →X such that
(2.4) Hn (set(T)/ ∪∞i=1 ϕi(Ai)) = 0.
An n-dimensional compact oriented Riemannian manifold M has a canon-
ical current given by integration of top forms:
(2.5) T (ω) = ∫
M
ω.
With this current, (X,d,T ) is an n-dimensional integral current space, the
mass measure of T equals the Riemannian volume and set(T) = M.
Let Br(p) ⊂ X be a ball of radius r and center p. To obtain Gromov-
Hausdorff and intrinsic flat convergence results we are interested in calcu-
lating a lower bound for ∣∣T ∣∣(Br(p)). Thus, we consider the triple
(2.6) S (p, r) = (set(T Br(p)),d,T Br(p)) ,
where T Br(p) denotes the restriction of T to Br(p). Portegies-Sormani
proved [Lemma 3.1 in [6]] that if (X,d,T ) is an n-dimensional integral cur-
rent space, then for almost every r > 0, S(p, r) is an n-dimensional integral
A GENERALIZED TETRAHEDRAL PROPERTY 9
current space. Furthermore,
(2.7) Br(p) ⊂ set(S(p, r)) ⊂ B¯r(p) ⊂ X.
When M is a compact oriented Riemannian manifold (with or without
boundary) endowed with the canonical current then (Lemma 3.2 in [6])
S(p, r) is an integral current space for all r > 0 and set(S(p, r)) = B¯r(p).
Lower bounds for M(S(p, r)) are obtained by studying the sliced filling
volume and the k-th sliced filling. The filling volume of an n-dimensional
integral current space, M = (X,d,T ) is defined as
FillVol(M) = inf{M(S)},
where the infimum is taken over all (Y, dY , S) ∈Mn+1 such that there exists
an isometry ϕ ∶X → set(∂S) with ϕ♯T = ∂S.
For the definition of slice see Portegies-Sormani [6]. Let F1, F2, ...Fk ∶
X → Rk be Lipschitz functions with k ≤ n − 1, the sliced filling volume of
∂S(p, r) ∈ In−1(X¯) is defined as
(2.8) SF(p, r,F1, ..., Fk) = ∫
t∈Ar FillVol(∂ Slice(S(p, r), F, t))dLk,
where F = (F1, ..., Fk),
Ar =[minF1,maxF1] × [minF2,maxF2] ×⋯ × [minFk,maxFk]
minFj =min{Fj(x) ∣d(x, p) ≤ r}
maxFj =max{Fj(x) ∣d(x, p) ≤ r}.
Given q1, ..., qk ∈X, set ρi(x) = d(qi, x) and define
(2.9) SF(p, r, q1, ..., qk) = SF(p, r, ρ1, ..., ρk).
Then, the k-th sliced filling is defined as
(2.10) SFk(p, r) = sup{SF(p, r, ρ1, ..., ρk)∣qi ∈X, d(p, qi) = r}.
By bounding SF and SFk Portegies-Sormani obtained a mass measure
estimate and, a Gromov-Hausdorff and intrinsic flat convergence theorem.
Theorem 2.9 (Portegies-Sormani, Theorem 3.25 in [6]). Let (X,d,T ) be
an n-dimensional integral current space and p1, ..., pn−1 ∈ X. If B¯R(p) ∩
set(∂T) = ∅ then for almost every r ∈ (0,R),
M(S(p, r)) ≥ SF(p, r, p1, ..., pn−1)≥ ∫ s1+r
s1−r ⋯∫ sn−1+rsn−1−r h(p, r, t1, ..., tn−1)dt1dt2...dtn−1,
where si = d(pi, p),
(2.11) h(p, r, t1, . . . , tn−1) = { inf{d(x, y) ∣ x ≠ y, x, y ∈ S} ∣S∣ ≥ 20 otherwise
and S = S(p; r) ∩ S(p1; t1) ∩ ⋅ ⋅ ⋅ ∩ S(pn−1; tn−1).
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Theorem 2.10 (Portegies-Sormani, Theorem 5.1 in [6]). Let (Xi, di, Ti) be a
sequence of compact n-dimensional integral current spaces, V,A,D,C, r0 > 0
and k ∈ {0, ..., n − 1} such that for all i, p ∈Xi and r ≤ r0:
M(Ti) ≤ V, M(∂Ti) ≤ A, diam(Xi) ≤D, SFk(p, r) ≥ Crn.
Then there is a subsequence of (Xi, di, Ti) that converges in the Gromov-
Hausdorff and intrinsic flat sense to the same metric space. Furthermore,
the limit space is Hn countably rectifiable.
We recall that for S,T ∈ In(X), the flat distance between S and T in X
is defined as
(2.12)
dXF (S,T ) = inf{M(U) +M(V ) ∣S − T = U + ∂V, U ∈ In(X), V ∈ In+1(X)}.
The intrinsic flat distance between two integral current spaces (X,dX , T )
and (Y, dY , S) is given by
dF((X,dX , T ), (Y, dY , S)) = inf {dZF (ϕ#T,ψ#S) ∣Z complete metric space,
ϕ ∶X → Z,ψ ∶ Y → Z isometric embeddings}.
(2.13)
We point out that dF((X,dX , T ), (Y, dY , S)) = 0 if and only if there exists
a current-preserving isometry ϕ ∶X → Y , that is, ϕ is an isometry of metric
spaces such that ϕ#T = S.
3. Vertices and Slices of Cones
In this section we study the tetrahedral property at vertices o of Euclidean
cones K(X) over metric spaces X. In Example 3.2 we see that if diam(X) ≤
pi/3 then the (C,β)-tetrahedral property cannot be satisfied at o. In Lemma
3.4 we show that the slices of cones satisfying the n-dimensional tetrahedral
property also satisfy the n-dimensional tetrahedral property. We finish the
section with Example 3.5 that show that the cone over the 2-dimensional
projective space satisfies the 3-dimensional (C,β)-tetrahedral property. This
then shows that the existence of topological singularities is not per se an
obstruction. Note that with the usual round metric, diam(RP 2) = pi/2 > pi/3.
We begin by recalling the definition of Euclidian cone over a metric space.
Definition 3.1 (cf. Definition 3.6.12 in [2]). Let (Y, dY ) be a metric space
with diam(Y ) ≤ pi. Then K(Y ) ∶= Y × [0,∞)/Y × {0} endowed with the
distance
dK((x, t), (y, s)) ∶= √t2 + s2 − 2st cosdY (x, y).
is called the Euclidean cone over Y . The vertex of Y , that is the point
corresponding to Y × {0}, is denoted by o.
Example 3.2. Let (X,d) be a metric space with diam(X) < pi/3. Then for
all n ∈ N, C > 0, β ∈ (0,1) and r > 0, the cone K(X) over X does not satisfy
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the n-dimensional (C,β)-tetrahedral property at its vertex, o, for radius r.
This follows from the following calculation
(3.1) d2K((x, r), (y, r)) = 2r2 − 2r2 cos(d(x, y)) = 2r2(1 − cos(d(x, y))) < r2,
which shows that for any (x, r) ∈ S(o; r) = X × {r}, S((x, r); r) = ∅. There-
fore, h(o, (x1, r), ..., (xn−1, r); r, r, ..., r) = 0 for all (xi, r) ∈ S(o; r).
Remark 3.3. The tetrahedral property can be used indirectly to estimate
from below the diameter of a space as the previous example suggests.
Lemma 3.4. Let (X,d) be a metric space with diamX ≤ pi satisfying the
n-dimensional (C,β)-tetrahedral property for radius r ≤ pi/2. Let K(X) be
the cone of X with the cone distance dK . Then for s > 0, the slice X ×{s} ⊂ K(X) with the restriction of dK satisfies the n-dimensional (Cr, βr)-
tetrahedral property for radius r′, where
Cr = ¿ÁÁÀ1 − cos(Cr)
1 − cos(r) ,
0 < βr ≤ max⎧⎪⎪⎨⎪⎪⎩1 −
¿ÁÁÀ1 − cos((1 − β)r)
1 − cos(r) ,
¿ÁÁÀ1 − cos((1 + β)r)
1 − cos(r) − 1⎫⎪⎪⎬⎪⎪⎭
and
r′ = √2s2(1 − cos(r)).
Proof. We begin by considering a point p ∈ X and noting that, since X
satisfies the n-dimensional (C,β)-tetrahedral property for radius r at every
point, there exist points p1, . . . , pn−1 ∈ S(p; r) such that for ti ∈ [(1−β)r, (1+
β)r],
S(p, p1, ..., pn−1; r, t1, ..., tn−1) ≠ ∅.
We claim that for ti ∈ [(1 − β)r, (1 + β)r],
S((p, s), (p1, s), ..., (pn−1, s); r′, t′1, ..., t′n−1) = S(p, p1, ..., pn−1; r, t1, ..., tn−1)×{s},
where
t′i = √2s2(1 − cos(ti)).
In particular,
S((p, s), (p1, s), ..., (pn−1, s); r′, t′1, ..., t′n−1) ≠ ∅.
Since the cosine function is decreasing in [0, pi] and the square root is in-
creasing in [0,∞) this would imply that for (x, s) ≠ (y, s) such that(x, s), (y, s) ∈ S((p, s), (p1, s), ..., (pn−1, s); r′, t′1, ..., t′n−1)
then
dK((x, s), (y, s)) = √2s2 (1 − cos(d(x, y)))≥ √2s2(1 − cos(Cr)) = Crr′.
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To prove the claim, take x ∈ S(p, p1, ..., pn−1; r, t1, ..., tn−1). Then,
(3.2) dK((p, s), (x, s)) = √2s2 − 2s2 cos(d(p, x)) = r′
dK((pi, s), (x, s)) = √2s2(1 − cos(d(pi, x)))(3.3) = √2s2(1 − cos(ti)).(3.4)
Note that since ti ∈ [(1 − β)r, (1 + β)r],√
2s2(1 − cos((1 − β)r)) ≤ t′i ≤ √2s2(1 − cos((1 + β)r)).
From (3.2) and (3.3),
S((p, s), (p1, s), ..., (pn−1, s); r′, t′1, ..., t′n−1) ⊃ S(p, p1, ..., pn−1; r, t1, ..., tn−1)×{s}.
The proof of the claim concludes noticing that the map Φ ∶ [(1 − β)r, (1 +
β)r]→ R given by
Φ(t′) ∶= √2s2(1 − cos(t)).
is a bijection onto its image.
The lemma follows from the following calculations: We know that for
ti ∈ [(1 − β)r, (1 + β)r],√
2s2(1 − cos((1 − β)r)) ≤ t′i ≤ √2s2(1 − cos((1 + β)r)).
From the definition of βr and r
′,√
2s2(1 − cos((1 − β)r)) = ¿ÁÁÀ1 − cos((1 − β)r)
1 − cos(r) r′ ≥ (1 − βr) r′.
and √
2s2(1 − cos((1 + β)r)) = ¿ÁÁÀ1 − cos((1 + β)r)
1 − cos(r) r′ ≤ (1 + βr) r′.

We stress that the previous lemma states that for each s > 0, the slice
X×{s} ⊂K(X) with the restriction of dK satisfies the n-dimensional (C,β)-
tetrahedral property for some radius, but we do not claim that K(X) sat-
isfies the (n + 1)-dimensional (C,β)-tetrahedral property.
In general the existence of topologically singular points, in the sense of
Alexandrov geometry, is not a priori an obstruction to the tetrahedral prop-
erty as the following example shows. Let us recall that a point p in an
n-dimensional Alexandrov space is topologically singular if the space of di-
rections at p is not homeomorphic to an (n − 1)-dimensional sphere. We
refer the reader to [2].
Example 3.5. Let us consider K(RP 2) and let o be the vertex. We claim
that there exists r > 0 and constants C = C(o) > 0, β = β(o) ∈ (0,1) such
that X satisfies the 3-dimensional (C,β)-tetrahedral property at o for radius
r.
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There exists an isometric involution ι on a 3-ball BR(0) ⊂ R3, such that
BR(0)/ι is isometric to K(RP 2). The involution is given as the conifica-
tion of the action induced by the antipodal map on S2. Let r > 0 and
p1, p2 be the points of Example 2.1 in [7]. It is clear that pi and the set
S(o, p1, p2; r, s1, s2) are contained in a fundamental domain of the antipodal
map action. Furthermore, the position of the pi and the radii si can be
perturbed so that
pi (S(o, p1, p2; r, s1, s2)) = S(pi(o), pi(p1), pi(p2); r, s1, s2).
where pi ∶ R3 →K(RP 2) is the canonical projection. Then the 3-dimensional(CR3 , βR3)-tetrahedral property is satisfied for radius r at o.
4. (C,α,β)-Tetrahedral Property
In this section we define the (C,α,β)-tetrahedral property, Definition 4.1.
It is easy to see that the (C,β)-tetrahedral property implies the (C,1−β,1+
β)-tetrahedral property, Remark 4.2. The converse does not hold as can be
seen in the three examples we present. These examples also evidence the
improvement over the (C,β)-tetrahedral property: The (C,α,β)-tetrahedral
property may be satisfied in spaces in which the (C,β)-tetrahedral property
fails, e.g. at the tips of metric cones. Furthermore all the main results of the(C,β)-tetrahedral property such as those related to the Gromov-Hausdorff
and Intrinsic Flat convergences hold.
Example 3.2 deals with the Euclidean cone of a sphere of small diameter.
We show that it does not satisfy the (C,β)-tetrahedral property, but it
does satisfy the (C,α,β)-tetrahedral property for adequate choices of the
parameters. In Example 4.4 we show a metric space (X,d) that satisfies the(C,α,β)-tetrahedral property at some points p only for r > ∣∣p∣∣. Meanwhile,
it satisfies the (C,β)-tetrahedral property at those points only for r > 2∣∣p∣∣.
In Example 4.5 we present a metric space (X,d) that satisfies the (C,β)-
tetrahedral property at p for r > 0 and β < c(p, r), where c(p, r) denotes a
function that depends on p and r. Hence, (X,d) satisfies the (C,1−β,1+β)-
tetrahedral property. Moreover, (X,d) satisfies the (C,α,β) property for
c(p, r) < α < β < 2.
For simplicity, in Section 2, we stated Portegies-Sormani’s volume es-
timate (Theorem 2.3) and convergence results for Riemannian manifolds
satisfying the (C,β)-tetrahedral property (Theorem 2.7 and Theorem 2.8).
We remark that those results also hold for integral current spaces (Theo-
rem 3.38, Theorem 3.42 and Theorem 5.2 in [6]). In Subsection 4.2 and
Subsection 4.3 we prove the analogous volume estimate and convergence
results for integral current spaces satisfying the (C,α,β)-tetrahedral prop-
erty; Theorem 4.9, Theorem 4.10 and Theorem 4.11. As corollaries we get
the theorems for manifolds stated in the introduction, that is, Theorem A,
Theorem B and Theorem C.
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4.1. (C,α,β)-Tetrahedral Property and Examples. Let (X,d) be a
metric space, recall that S(p; r) = {x ∈X ∣d(x, p) = r} and that
S(x1, . . . , xj ; t1, . . . , tj) = j⋂
i=1S(xi; ti).
Furthermore, the metric completion ofX is denoted by X¯ and the cardinality
of a set S by ∣S∣.
Definition 4.1 ((C,α,β)-tetrahedral property). Let C > 0 and α,β ∈ (0,2),
α < β. A metric space (X,d) satisfies the n-dimensional (C,α,β)-tetrahedral
property at a point p for radius r if there exist points p1, . . . , pn−1 ∈ X¯ such
that d(p, pi) = r and for all (t1, . . . , tn−1) ∈ [αr, βr]n−1 the following holds
h(p, r, t1, . . . , tn−1) ≥ Cr,
where
(4.1) h(p, r, t1, . . . , tn−1) = { inf{d(x, y) ∣ x ≠ y, x, y ∈ S} ∣S∣ ≥ 20 otherwise
and S = S(p, p1, . . . , pn−1; r, t1, . . . , tn−1).
Remark 4.2. Let (X,d) be a metric space that satisfies the n-dimensional(C,β)-tetrahedral property at p for radius r. By definition, (X,d) satisfies
the n-dimensional (C,1 − β,1 + β)-tetrahedral property at p for radius r.
If (X,d) satisfies the n-dimensional (C,α,β)-tetrahedral property at p for
radius r then it satisfies the n-dimensional (C,min{1−α,β −1})-tetrahedral
property at p for radius r only if α < 1 < β.
Example 4.3. Let S2(r) be the sphere of radius r ≤ 1 (so that its diameter
is less than or equal to pi) and consider K(S2(r)) with the cone metric. As
pointed out in Example 3.2, if r ≤ 1/3 then the cone K(S2(r)) does not
satisfy the 3-dimensional (C,β)-tetrahedral property at its vertex for any
radius. We show that it does satisfy the 3-dimensional (C,α,β)-tetrahedral
property at its vertex, o, for any t > 0.
Recall that S(o; t) = S2(r) × {t}. Let p1, p2 ∈ S2(r) be two distinct
points. From the formula d((p, t), (x, t)) = 2t sin(12d(p, x)) we see that for
t′i = 2 arcsin( ti2t) the following holds
S(o, (p1, t), (p2, t); t, t1, t2) = S(p1, p2; t′1, t′2) × {t}.
It can be seen that the set S(p1, p2; t′1, t′2) has cardinality two when
t′1, t′2 ∈ [α′, β′] ⊂ (12d(p1, p2),min{32d(p1, p2), pir − 12d(p1, p2)}).
Furthermore, the function (t′1, t′2) ∈ [α′, β′]2 ↦ d(x, y), where x ≠ y ∈
S(p1, p2; t′1, t′2), attains its minimum, d(xm, ym), at one of the points{(α′, α′), (α′, β′), (β′, α′), (β′, β′)}.
Hence, from the formula d((p, t), (x, t)) = 2t sin(12d(p, x)), if
α > 2 sin(14d(p1, p2)),
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β < 2 min{sin(34d(p1, p2)), sin(12(pir − 12d(p1, p2)))}
and
C = 2 sin(12d(xm, ym)),
where (xm, ym) is the minimum of the function (t′1, t′2) ∈ [α′, β′]2 ↦ d(x, y)
with α′ = 2 arcsin(α/2) and β′ = 2 arcsin(β/2), then the metric spaceK(S2(r))
satisfies the 3-dimensional (C,α,β)-tetrahedral property at o for radius t
with points (p1, t) and (p2, t).
Example 4.4. Recall Example 2.5 in which X ⊂ R3 consisted of the union
of the xy-plane and the non-negative part of the z-axis with the induced
intrinsic distance, d. We showed that X satisfies the 2-dimensional (C,β)-
tetrahedral property at p ∈ X contained in the xy-plane for all r > 0 and at
p on the positive part of the z-axis only for r > 2∣∣p∣∣. Here we prove that X
satisfies the 2-dimensional (C,α,β)-tetrahedral property at points p on the
positive part of the z-axis for r ∈ (∣∣p∣∣,2∣∣p∣∣] but not for r ∈ (0, ∣∣p∣∣].
If p is in the positive part of the z-axis, take r ∈ (∣∣p∣∣,2∣∣p∣∣] and pick p1
in the xy-plane such that ∣∣p1∣∣ = r − ∣∣p∣∣. Note that S(p; r) equals the circle
of radius r − ∣∣p∣∣ around 0 in the xy-plane union the point z = p + r(0,0,1)
on the z-axis. Hence, when t1 ∈ (0,2(r − ∣∣p∣∣)) S(p1; t1) intersects S(p; r) in
exactly two points in the xy-plane. For t1 ∈ (0,2(r− ∣∣p∣∣)), z ∉ S(p1; t1) since
d(z, p1) = ∣∣z∣∣+ ∣∣p1∣∣ = 2r > 2(r− ∣∣p∣∣) and r ∈ (∣∣p∣∣,2∣∣p∣∣] implies 2(r− ∣∣p∣∣) ≤ r.
Thus, (X,d) satisfies the 2-dimensional (C,α,β)-tetrahedral property at p
for r ∈ (∣∣p∣∣,2∣∣p∣∣] and 0 < α < β ≤ 2(r − ∣∣p∣∣)/r.
If p is in the positive part of the z-axis and r ≤ ∣∣p∣∣ then S(p; r) contains
only two points. Then for p1 ∈ S(p; r) the cardinality of S(p, p1; r, t) is
less than or equal to 1. Hence, (X,d) cannot satisfy the 2-dimensional
tetrahedral property at those points with that r.
Example 4.5. Recall Example 2.4 where X ⊂ R3 equals the union of the
xy-plane and the yz-plane with the induced intrinsic distance, d. We showed
that (X,d) satisfies the 2-dimensional (C,β)-tetrahedral property at p ∈ X
for radius r ≤ max{dist(p, xy − plane),dist(p, yz − plane)} for any 0 < β < 1.
We also showed that (X,d) satisfies the 2-dimensional (C,β)-tetrahedral
property at p ∈X for radius r ≥ max{dist(p, xy − plane),dist(p, yz − plane)}
for 0 < β < √2r2 + 2r∣x∣/r − 1.
With the new definition, (X,d) satisfies the 2-dimensional (C,α,β)-tetra-
hedral property at p ∈ X for radius r ≤ max{dist(p, xy − plane),dist(p, yz −
plane)} for any 0 < α < β < 2 and, at p ∈ X for radius r ≥ max{dist(p, xy −
plane),dist(p, yz−plane} for 0 < α < β < √2r2 + 2r∣x∣/r and √2r2 + 2r∣x∣/r <
α < β < 2.
The n-dimensional (C,α,β)-integral tetrahedral property also has an in-
tegral version (c.f. Definition 2.1).
Definition 4.6 ((C,α,β)-integral tetrahedral property). Let C > 0 and
α,β ∈ (0,2), α < β. A metric space (X,d) satisfies the n-dimensional
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(C,α,β)-integral tetrahedral property at a point p for radius r if there ex-
ist points p1, . . . , pn−1 ∈ X¯ such that d(p, pi) = r and for all (t1, . . . , tn−1) ∈[αr, βr]n−1 the following estimate holds
∫ βr
t1=αr⋯∫ βrtn−1=αr h(p, r, t1, ...tn−1)dt1dt2...dtn−1 ≥ C(β − α)n−1rn.
Portegies-Sormani proved that the tetrahedral property implies the inte-
gral tetrahedral property. We prove a similar statement.
Proposition 4.7. If (X,d) is a metric space that satisfies the n-dimensional(C,α,β)-tetrahedral property at a point p for radius r then it also satisfies
the n-dimensional (C,α,β)-integral tetrahedral property at the point p for
radius r.
Proof. It follows immediately from the definitions:
∫ βr
t1=αr⋯∫ βrtn−1=αr h(p, r, t1, ...tm−1) dt1dt2...dtm−1 ≥≥ ∫ βr
t1=αr⋯∫ βrtn−1=αr Cr dt1dt2...dtn−1= C(β − α)n−1rn.

4.2. Masses of Balls. Now we will deal with integral current spaces. We
recommend the reader to check Subsection 2.2 for a brief introduction to
the subject and [1], [6] and [9] for a complete treatment. In this section
we prove Theorem A and the equivalent result for integral current spaces,
Theorem 4.9.
Theorem 4.8. Suppose (X,d,T ) is an n-dimensional integral current space
and p ∈X such that B¯R(p) ∩ set∂T = 0. Then for almost every r ∈ (0,R), if(X¯, d) satisfies the n-dimensional (C,α,β)-integral tetrahedral property at p
for radius r then
(4.2) M(S(p, r)) ≥ SFn−1(p, r) ≥ C(β − α)n−1rn.
Proof. Let q1, ..., qn−1 ∈ X, by Portegies-Sormani’s Theorem 2.9 we know
that
M(S(p, r)) ≥SF(p, r, q1, ..., qn−1)
(4.3)
≥∫ d(p,q1)+r
t1=d(p,q1)−r⋯∫ d(p,qn−1)+rtn−1=d(p,qn−1)−r h(p, r, t1, ...tn−1)dt1dt2...dtn−1.
To get the first inequality recall that
SFn−1(p, r) = sup{SF(p, r, q1, ..., qn−1) ∣d(p, qi) = r}.
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Since S(p, r) does not depend on q1, ..., qn−1, we obtain from the previous
series of inequalities
M(S(p, r)) ≥ SFn−1(p, r).
For the second inequality notice that since (X¯, d) satisfies the n-dimensional(C,α,β)-integral tetrahedral property at p for radius r, there exist p1, ..., pn−1 ∈
X¯ such that
∫ βr
t1=αr⋯∫ βrtn−1=αr h(p, r, t1, ...tn−1)dt1dt2...dtn−1 ≥ C(β − α)n−1rn.
Now 0 < α < β < 2 implies that d(p, qi) − r < αr < βr < d(p, qi) + r. Thus,
recalling equation (4.3) we obtain
SF(p, r, p1, ..., pn−1) ≥ C(β − α)n−1rn.

An immediate consequence of Theorem 4.8 is Theorem A.
Proof of Theorem A. It follows from the previous theorem since in this case
M(S(p, r)) = Vol(Br(p)) (See Lemma 3.2 in [6], cf. Section 2.2). 
Theorem 4.9. Suppose (X,d,T ) is an n-dimensional integral current space
and p ∈X such that B¯R(p)∩ set∂T = 0. If (X¯, d) satisfies the n-dimensional(C,α,β)-integral tetrahedral property at p for all radii r, r ≤ r0, then for
almost every r ∈ (0,min{r0,R})
(4.4) ∣∣T ∣∣(Br(p)) ≥ C(β − α)n−1rn.
Proof. By Theorem 4.8, we can choose δi ↓ 0 such that
(4.5) M(S(p, r + δi/2)) ≥ SFn−1(p, r + δi/2) ≥ C(β − α)n−1(r + δi/2)n.
Thus, from (2.7) and (4.5),∣∣T ∣∣(Br+δi(p)) ≥∣∣T ∣∣(B¯r+δi/2(p)) ≥ M(S(p, r + δi/2))(4.6) ≥C(β − α)n−1(r + δi/2)n.(4.7)
Taking the limit as i→∞, we get the estimate
(4.8) ∣∣T ∣∣(Br(p)) ≥ C(β − α)n−1rn.

4.3. Convergence Theorems. Applying the mass measure estimates for
balls from the previous subsection we show that the Gromov-Hausdorff
and intrinsic flat convergence theorems proven by Portegies-Sormani for
the (C,β)-(integral) tetrahedral property in [6] also hold for the (C,α,β)-
(integral) tetrahedral property, Theorem 4.10 and Theorem 4.11. We get as
corollaries Theorem B and Theorem C.
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Theorem 4.10. Let C > 0, 0 < α < β < 2, r0 > 0, V0 > 0 and (Xi, di, Ti) be
a sequence of n-dimensional integral current spaces that satisfy
M(Ti) ≤ V0, ∂Ti = 0.
Suppose that (Xi, di) are compact length metric spaces that satisfy the n-
dimensional (C,α,β)- (integral) tetrahedral property for all radii r ≤ r0.
Then a subsequence of the (Xi, di) converges in Gromov-Hausdorff sense. In
particular, there exists D0(C,α,β, r0, V0) > 0 for which diam(Xi) ≤D0(C,α,β, r0, V0).
Proof. Given ε ∈ (0, r0), apply Theorem 4.8 to get ∣∣T ∣∣(Bε(p)) ≥ C(β −
α)n−1εn. This bound together with M(Ti) ≤ V0 allows us to uniformly
bound the maximal number of disjoint balls of radius ε contained in Xi.
Hence, precompactness follows from Gromov’s Compactness Theorem. Since(Xi, di) are length metric spaces, the uniform bound on the maximal number
of disjoint balls of radius r0/2 provides a uniform upper bound on diam(Xi)
that only depends on C,α,β, r0 and V0. 
Theorem B follows from Theorem 4.10.
Theorem 4.11. Let r0 > 0, 0 < α < β < 2, C,V0 > 0 and (Xi, di, Ti) be a
sequence of n-dimensional integral current spaces with
M(Ti) ≤ V0, ∂Ti = 0.
Suppose that (Xi, di) are compact length metric spaces that satisfy the n-
dimensional (C,α,β)- (integral) tetrahedral property for all radii r ≤ r0.
Then (Xi, di) has a Gromov-Hausdorff and Intrinsic Flat convergent subse-
quence whose limits agree.
Proof. We just need to show that the hypotheses of Theorem 2.10 are satis-
fied. First, since we are considering integral current spaces Xi with ∂Ti = 0,
M(∂Ti) = 0. Second, by Theorem 4.10 there exists a uniform upper bound
on the diameter of the Xi. Finally, since for all p ∈Xi and r ≤ r0, (Xi, di) sat-
isfies the n-dimensional (C,α,β)- (integral) tetrahedral property at p ∈ Xi
for radius r, Theorem 4.8 implies that
SFn−1(p, r) ≥ C(β − α)n−1rn.
Now we can apply Theorem 2.10 and get the result. 
Theorem C follows from Theorem 4.11.
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